We consider the operators with highest anomalous dimension ∆ in the compact rank-one sectors su(1|1) and su(2) of N = 4 super Yang-Mills. We study the flow of ∆ from weak to strong 't Hooft coupling λ by solving (i) the all-loop gauge Bethe Ansatz, (ii) the quantum string Bethe Ansatz. The two calculations are carefully compared in the strong coupling limit and exhibit different exponents ν in the leading order expansion ∆ ∼ λ ν . We find ν = 1/2 and ν = 1/4 for the gauge or string solution. This strong coupling discrepancy is not unexpected, and it provides an explicit example where the gauge Bethe Ansatz solution cannot be trusted at large λ. Instead, the string solution perfectly reproduces the Gubser-Klebanov-Polyakov law ∆ = 2 √ n λ 1/4 . In particular, we provide an analytic expression for the integer level n as a function of the U(1) charge in both sectors.
1. Introduction 1
Introduction
The AdS/CFT correspondence [1, 2, 3, 4, 5] is a non-trivial map between two integrable theories, string theory on AdS 5 ×S 5 and the maximally supersymmetric N = 4 super YangMills SU(N) gauge theory (SYM). In the planar limit N → ∞, the string coupling vanishes and the correspondence relates a finite superconformal four dimensional theory and free string theory on a non-trivial background. Massive string states are predicted to be dual to certain composite operators in the gauge theory, with the string spectrum matching the gauge anomalous dimensions. In terms of the planar 't Hooft coupling λ = g 2 YM N , the duality is of the weak-strong coupling type. Hence, any test of the correspondence must exploit some kind of non-perturbative knowledge on at least one of the two sides.
The large λ limit is particularly interesting since the string side can be controlled in the supergravity approximation. A quite general prediction is the scaling E ∼ 2 √ n λ 1/4 for the energy of level n massive string states as λ → ∞ [2] . In the gauge theory, a check of this prediction requires the knowledge of the anomalous dimensions of suitable dual composite operators in the nonperturbative regime. Such a formidable task is made possible by the integrability properties of N = 4 SYM. The scaling operators are eigenstates of the dilatation operator D that can be identified with the Hamiltonian of integrable (super) spin chains in various sectors closed under perturbative renormalization. The integrable operator D can be treated by Bethe Ansatz techniques [6, 7, 8] . In particular, all-loop conjectured gauge Bethe Ansatz (GBA) equations are available in the compact su(2), su(1|1) and non-compact sl(2) sectors [9, 10] . Unfortunately, the GBA equations are only asymptotically exact. For operators with classical dimension L, they predict the exact anomalous dimension up to wrapping terms appearing at a certain order increasing with L, for instance terms O(λ L ) in the su(2) sector [11] . Due to wrapping terms, the GBA equations are not reliable at strong coupling, although in some cases they are believed to give the correct leading term. Remarkably, in the su(2) sector, a local version of the GBA equations has been proposed in the form of a Hubbard-like model [12] ; it has been conjectured to be free from wrapping problems, but the reconciliation of its strong coupling predictions with string theory is far from clear [12, 13, 14] .
In general, the gauge and string calculations overlap in BMN-like limits [15] where L is large. In this case, it is well known that the perturbative comparison in powers of λ is plagued by the different order of the limits λ → 0, L → ∞ on the two sides. For instance, the exact three-loop anomalous dimension of two-and three-magnon operators in the near-BMN limit [15] exhibits a three-loop discrepancy when compared with the leading curvature correction computed in string theory [16, 17, 18, 19] . Similar three-loop discrepancies also occur in the expansion around spinning string solutions [20, 11] .
Along a different route, one can start from the classical string theory (at large λ) and derive thermodynamical Bethe Ansatz equations at L → ∞. The discretization of these string Bethe Ansatz equations (SBA) have been proposed to compute the leading 1/L effects, i.e. one-loop worldsheet quantum corrections [21, 9, 10] . The validity of the SBA equations at finite L or small λ is not guaranteed and indeed they are known to receive several kinds of corrections [22, 23, 24, 25] . These corrections have been evaluated for various classes of Frolov-Tseytlin spinning string solutions [26, 27, 28, 29, 30, 31, 32] . They suggest the emergence of an interpolating set of Bethe Ansatz equations working at all λ and L [33, 34] and hopefully solving the three-loop discrepancies.
In this paper, we take a complementary approach by comparing the GBA and SBA equations at strong coupling. Indeed, it is not totally clear to what extent the GBA equations are able to predict the correct results in the string regime λ → ∞ as discussed for instance in [13, 14, 35] . We attempt to answer this question for the states with highest anomalous dimension in the two compact rank-one su(2) and su(1|1) subsectors where we are able to solve the GBA and SBA equations at fixed L and generic λ. To appreciate the special role of the highest states, we briefly summarize some relevant facts about them.
In the su(2) sector, the highest state is the so-called antiferromagnetic (AF) operator [36] . It can be defined in the multiplet of operators with fixed classical dimension L.
At the perturbative level, it mixes with the other states and its explicit expression is not available in closed form at finite L. In the L → ∞ limit, the GBA equations can be solved and give the anomalous dimension
This expression is obtained by taking the L → ∞ limit at fixed λ. Hence, it is legitimate to expand at weak coupling and one obtains
On the other hand, the strong coupling expansion of Eq.
The same leading term is obtained in the Hubbard model formulation of the GBA equations [13, 14] . As discussed in [36] this expansion is formal due to the uncontrolled effect of wrapping terms. The usual attitude toward this problem is rather optimistic and Eq.(1.3) with its ∼ λ 1/2 signature is expected to be correct apart from a possible correction in the numerical prefactor 1/π 2 . As a support to the this scenario, it has been proposed to identify its dual string state with a suitable string solution in the spirit of similar correspondences found in the lowest part of the spectrum [37] . The slow-string solution described in [38] exhibits the λ 1/2 scaling of Eq. (1.3) although with a different numerical prefactor. This quantitative discrepancy has been attributed in [38] to the subtle double limit λ, L → ∞. However, the Hubbard model formulation [12] suggests that this scenario is not entirely satisfactory. There, limit ambiguities and wrapping problems are absent and nevertheless the same prediction ∆/L ∼ √ λ/π 2 is recovered including the prefactor [13, 14] . A more convincing proof should at least include the analysis of the solution of the SBA equations, valid in the strong coupling limit.
A similar analysis can be attempted for the highest operator in the other compact sector su(1|1) [35] . Here the precise form of the operator is known at finite L and simply reads Tr(ψ L ) where ψ is the highest weight component of the Weyl spinor in the vector multiplet. Unfortunately, a closed formula like Eq. (1.1) is not known in this sector. In [35] , the GBA equations for the highest state are studied at weak and strong coupling in the L → ∞ limit. The weak coupling expansion turns out to have a finite but rather small convergence radius and is not immediately useful to reach the strong coupling regime. On the other hand, the strong coupling expansion is ambiguous and depends on assumptions about the large λ behavior of the Bethe parameters [21] . Two asymptotic solutions for the Bethe momenta have been proposed in [35] . The leading term in the anomalous dimension is the same in both cases and scales like λ 1/2 .
To summarize, the present knowledge on the strong coupling behavior of the maximal states in the compact sectors of N = 4 SYM is (we write only the leading term at large λ and define L to be the number of Bethe momenta in both sectors)
where the superscripts gauge/string label the results obtained with the GBA/SBA equations.
In this paper, we pursue the analysis of these states with the aim of filling the gaps in the above predictions. We begin with the su(1|1) sector which is particularly favorable from the technical point of view. At weak coupling we present high-order results for the anomalous dimension computed by the GBA equations. We show that a resummation is possible by a non-linear acceleration method, the Weniger algorithm. It permits to evaluate the anomalous dimension for rather large values of the coupling λ. This leads to results supporting the λ 1/2 asymptotic behavior, although with a different coefficient with respect to the proposals in [35] .
To investigate further the flow from weak to strong coupling we present a numerical solution of the GBA equations. It is worthwile to emphasize that the analysis is quite robust and can be extended to very large values of λ following in a clean way the evolution of Bethe momenta. Our analysis reveals several subtleties involved in the strong coupling expansion of the GBA equations. The final result is simple and we are able to compute very precisely the leading strong-coupling term of the anomalous dimension. Not suprisingly, the agreement with the weak coupling resummation is quite good. At this point, the information about the highest state is similar to what is known in the su(2) sector. We have accurately computed the weak coupling expansion and the leading asymptotic λ 1/2 term, but we do not know to what extent the GBA are reliable in the strong coupling region. We remark that, in the su(1|1) sector, we do not have a slow-string limit solution to be identified with the highest state.
The next obvious step is to analyze the SBA equations in this sector by the same methods. Once again the string Bethe Ansatz equations can be integrated numerically. The result is very interesting. All Bethe momenta flow to zero at large λ with a simple leading term p k ∼ α k λ −1/4 , and the asymptotic coefficients α k can be computed numerically. We also determine analytically the prefactor in the leading term ∼ λ 1/4 in the anomalous dimension.
The same analysis can be applied to the su(2) sector. The weak coupling resummation does not apply here because the precise form of the highest AF state depends on L. However, the numerical and analytical study of the strong-coupling behavior of GBA and SBA equations can be performed without difficulty. We find a pattern similar to the su(1|1) one. Our results are summarized in the following table which has to be compared with Eqs. (1.4) . In the right hand sides, we only report the leading term at large λ and finite L ∆ gauge su(2)
The ratio ∆ string su(2) /(2L) is independent on L. Also, in the L → ∞ limit, we recover the exact prefactor 1/π 2 for ∆ gauge su(2) /(2L). The physical contents of Eqs. (1.5) will be discussed in Sec. 6, after heving illustrated the technical details of the derivation. These will be organized as follows. In Sec. 2, we present the gauge Bethe Ansatz equations for the su(1|1) sector. In Sec. 2.1 and 2.2 we analyze them for the highest state obtaining in particular the strong coupling expansion of the anomalous dimension. Sec. 3 presents the string Bethe Ansatz equations, again for the su(1|1) sector and Sec. 3.1 and 3.2 repeat the previous analysis. In this case, the strong coupling expansion of the anomalous dimension is determined exactly. In Sec. 4 and 5 we present a similar analysis for the other compact su(2) sector.
2. The gauge Bethe Ansatz equations for the highest state in the su(1|1) sector
The dilatation operator in the su(1|1) sector can be associated with a super spin chain [39, 19] . The all-loop gauge Bethe Ansatz equations have been proposed in [9, 10] and read
where L ∈ 2N + 1 and
The coupling g is related to the 't Hooft coupling by λ = 8 π 2 g 2 . The anomalous dimension of the state associated with the solution {p k (g 2 )} is
3)
The Bethe momenta of the highest state at g = 0 are
The GBA equations in logarithmic forms are 5) where n k are given in (2.4). They are suitable for weak coupling expansions since the second term in the r.h.s. is O(g 2 ).
Weak coupling expansion and Weniger resummation
The weak-coupling expansion of the anomalous dimension is easily obtained. We simply start with the zero-th order value of Bethe momenta for a certain fixed L, Eq. (2.4). Then, we replace them in the GBA equation and expand the r.h.s. at first order in g 2 .
Repeating this procedure and expanding the expression for ∆ order by order, we obtain the perturbative expansion of ∆.
In the ratio ∆/L, the terms up to
This remark allows one to compute the L → ∞ limit of the expansion at a fixed order in g by simply taking a sufficiently large L. The procedure can be performed at the seminumerical level. In other words, we work with finite high precision using numerical values of the momenta in a symbolic algebra calculation. If the precision is suitably high, the identification of the coefficients of the energy expansion can be unambiguously identified with rational numbers. We have performed the calculation up to the term g 68 . This 
We have identified the rational numbers by working with 200 digits arithmetics 1 . This power series is convergent for g 2 1 8 , a rather small convergence radius. It is definitely useless to evaluate strong coupling behavior at least in this form. We need an analytical continuation beyond the convergence radius. Since the series is alternating, we have attempted such continuation by means of the non-linear Weniger algorithm [41] that we describe in Appendix A.
In our case, the Weniger algorithm is found to work very well. As an example, we consider g 2 = 1 which is far beyond the convergence radius. The Weniger approximants are shown in the first curve of Fig. (1) where a clear and definite convergence is achieved. Going to higher values of the coupling, we find that the resummation algorithm gives stable results up to g 2 ≃ 20, which is a fairly high value. The other two curves of Fig. (1) shows the behavior of Weniger approximants for g 2 = 10, 30.
The plot of ∆/L − 3/2 at L → ∞ in the stability region is shown in Fig. ( 2) where we also draw the results from the numerical analysis of the GBA equations that are discussed in the next Section. From the Weniger algorithm, we recover clearly the asymptotic √ λ behavior. A numerical fit gives the estimate The numerical prefactor is different than the one predicted in [35] . The question is whether the resummation is failing or the strong coupling expansion is revealing some surprise. In the next Section, we shall answer this question in favor of the second hypothesis.
Numerical solution and strong coupling behavior 2.2.1 Preliminary remarks
The form of the GBA equations at strong coupling depends crucially on certain a priori assumptions about the asymptotic form of Bethe momenta. For the highest state, it is necessary to consider separately three different cases, motivated by the following numerical analysis. If we denote by p(g) a particular running Bethe momentum, we consider the three special large-g behaviors
The ratio g/x ± (p) has the following limit
where ε(x) = x/|x| is the sign function. For better uniformity, it is convenient to write the case II as
where p = 0 in this case, and ε(0) = ±1 according to the sign of α. With these conventions, cases I and II are expressed by the same formula.
The Arutyunov-Tseytlin Ansatz
An Ansatz for the strong coupling behavior of the Bethe momenta of the highest state is described in [35] . As we shall discuss, it is closely related to the actual solution. The Arutyunov-Tseytlin Ansatz assumes that one p remains zero and the other tend to nonzero limits symmetrically distributed around zero. This Ansatz is quite reasonable since the symmetric pattern is valid at g = 0 and remains true at all orders in the weak coupling expansion.
Under this assumption, we can look at the positive p only. Using the expressions (2.13), the GBA equation for any of them reduces at strong coupling to
This gives 2. we progressively increase g and solve step by step the Bethe equations by Newton's algorithm [42] , 3 . at each step, we use the solution at the previous g as a starting guess for Newton's algorithm.
The procedure turns out to be very stable and can be extended up to very large λ values. In particular it is possible to increase g in logarithmic scale. The stability of the algorithm is checked by varying the numerical precision used in the intermediate computations. We never encountered any singularity. By means of this numerical method, we have investigated the GBA equations at several L in order to discover why and when the Ansatz (2.17) fails.
Data for L = 3 and L = 5 are reported in Fig. (3) ; they confirm the Ansatz (2.17). We show the positive Bethe momentum and the prediction with k = 1 for L = 3, and k = 0, 2 for L = 5. Notice that convergence is achieved at quite large λ.
At L = 7, the Bethe momenta are shown in Fig. (4) . Here, something new happens. One of the Bethe momenta tends to zero. Nevertheless, the Ansatz (2.17) is still working, with k = 0, 2. The reason is that the vanishing momentum tends to zero like λ −1/4 (case II) and the limiting form of the GBA equations is the same as it would be in case I. The asymptotic form of the vanishing momentum is illustrated in Fig. (5) .
At L = 9, the Bethe momenta are shown in Fig. (6) . Here again one of the momenta tends to zero. Now, the Ansatz (2.17) fails to predict the correct asymptotic values of the non-vanishing momenta. Indeed, the vanishing momentum tends to zero like λ −1/2 (case III) as shown in Fig. (7) and the limiting form of the GBA equations is changed. The dashed lines predicting the actual asymptotic non-zero p are obtained as follows. Using again Eqs. (2.13), the GBA equation for any positive p reads in the strong coupling limit (L = 9)
where α appears in the asymptotic form of the vanishing momentum which is α/ √ λ. For each ρ we can determine the three positive p nearest to the numerical asymptotic values.
Then, we fix the parameter ρ by using the strong coupling limit of the GBA equation for the vanishing momentum
The numerical solution is easily found. With 25 digits, it reads ρ = 0.7261948032180057677773276, (2.20)
The agreement, shown in Fig. (6 At L = 11, the Bethe momenta are shown in Fig. (8) . Here again one of the momenta tends to zero like λ −1/2 (case III) and the limiting form of the GBA equations is changed. As before, we can compute the dashed lines showing the asymptotic non-zero p. The GBA equations for the positive p read (L = 11) The agreement is shown in Fig. (8) . At L = 13, the Bethe momenta are shown in Fig. (9) . Here two momenta tend to zero, one like λ −1/2 and the other like λ −1/4 . We repeat the exercise of computing the asymptotic p. The GBA equation for the positive p reads (L = 13) 
The solution is ρ = 0.53244, 
For instance, if L = 43 we expect 6 momenta vanishing like λ −1/2 and one like λ −1/4 . The full set of momenta is shown in Fig. (10) . It can be checked that the vanishing momenta have precisely these asymptotic behaviors.
Asymptotic form of ∆
The asymptotic form of the anomalous dimension at fixed L and large λ is 29) where the p k are the asymptotic non-zero values of the Bethe momenta. Due to the above periodicity, we can estimate c ∞ by considering separately our data for c L for the three values of ((L − 1)/2) mod 3. The result from a fit of the data at L > 5 by using a cubic polynomial in 1/L are shown in Fig. (11) . The three subsequences have clearly the same limit. We find c ∞ = 0.1405 (1), (2.30) where the error is a conservative estimate of the finite L fit.
A remark about the order of the two limits L, λ → ∞ is in order. We applied the resummation algorithm to estimate the leading term at large λ of lim L→∞ ∆/L. Here, solving the GBA equations, we are fixing L and taking the large λ leading term ∼ c L √ λ. Then, we evaluate c ∞ = lim L→∞ c L . Therefore, the double limit L, λ → ∞ is taken in two different orders. Nevertheless, the agreement of the leading term in the two calculations is not surprising. This is precisely what happens for the AF state in the su(2) sector. There, one can start from Eq. (1.1) and take after the λ → ∞ limit. Alternatively, one can take the large λ limit at fixed L, e.g. in the Hubbard model formulation. The result for the first three terms in the expansion is the same as discussed in [14] .
The string Bethe Ansatz equations for the highest state in the su(1|1) sector
The analysis of the GBA equations is certainly interesting, but the ultimate goal is the comparison with string theory. As discussed in the Introduction, it is not clear to what extent the GBA predicts correct results at strong coupling. This question can be investigated by studying the string Bethe Ansatz equations [9, 10] expected to predict the correct strong coupling behavior of string states, at least at large L. In order to write the SBA equations in a compact way, we define x
The string Bethe Ansatz equations are then
where the scattering phase ϑ is
In logarithmic form we have
(3.4) These equations are considerably more involved than the GBA ones. Nevertheless, we have been able to repeat step by step the previous analysis as we now discuss.
Weak coupling expansion and Weniger resummation
We repeat the semi-numerical algorithm that we followed for the weak coupling expansion of the GBA equations. We take again L = 35 
The Weniger resummation algorithm is convergent for g 2 10. We show the resummed expression for ∆ in the left panel of Fig. (12) for the gauge and string cases. The right panel shows the derivative
which estimates at large λ the exponent of the leading term. In the gauge case, it approaches the value 1/2 at large λ, as we discussed. In the string case, the asymptotic value appears to be definitely smaller and the figure is qualitatively compatible with an asymptotic behavior ∼ λ 1/4 .
To support this conclusion, we have fitted the whole data with the functional form
The standard χ 2 is a quantitative measure of the deviation from the supposed dependence on λ. The best values for the exponent ν are gauge BA : ν fit = 0.496, string BA : ν fit = 0.24, The prefactor is difficult to estimate and a better determination would require a stable resummation at larger λ. While this result is quite pleasing, it must be criticized because of the moderate resummation range. Based on the weak coupling arguments [presented so far, it can not be ecluded that the string curve in the right panel of Fig. (12) could rise at larger λ and flow back to the gauge value 1/2. To pursue the analysis, as in the gauge case, we turn to a numerical iterative solution of the SBA equations. Indeed, it should be clear that several solutions are possible at strong coupling and the problem is again that of choosing the right one.
Exact solution at strong coupling
We now determine the numerical solution of the SBA equations. We follow the same procedure we described for the gauge BA equations. The result is fully consistent with the weak coupling resummation: All Bethe momenta p k vanish at large λ with an asymptotic behavior p k ∼ α k λ −1/4 for all p k ! We illustrate this noticeable result by showing in Fig. (13) the evolution of Bethe momenta scaled by λ 1/4 in the four cases L = 3, 5, 15, 29.
The coefficients α k are symmetrically distributed around zero. Qualitatively, L − 2 coefficients α k are almost evenly spaced around zero. Two special momenta have instead coefficients α k well separated from the central band. Looking in more details at the explicit solution, one finds that the α k in the central band have a non-trivial asymptotic density. The analysis of the large L form of this density if deferred to future work.
It is not difficult to find an exact equation for the asymptotic coefficients α k . As we said, one of them is zero, (L − 1)/2 are positive, and (L − 1)/2 are opposite to the positive ones. Expanding the SBA equations at large λ is a bit tricky but straightforward. We obtain the following equation determining the positive
where in the l.h.s. the sum includes the case j = k. Although Eq. (3.11) is rather complicated, it can be solved numerically without difficulties, at least starting from the numerical p obtained at a reasonably large λ. As an example, at L = 5, 7, 9 we find the following (numerical) solutions These values are in perfect agreement with the numerical solution of the string Bethe Ansatz equations as illustrated in Fig. (14) . Actually, if we are interested in the asymptotic form of ∆ string , we do not need the full information encoded in the α k , but just their sum. Indeed,
We now take the product of Eqs. (3.11). The right hand sides cancel perfectly. Evaluating the product of the left hand sides we obtain 15) where N L ∈ N. These integers can be determined by solving Eqs. The following simple formula holds (3.17) leading to the prediction
Now, we do not observe any particular Z 3 structure. The values of c L are perfectly smooth as L increases. As a further check of this analytical expression, we show in Fig. (15) the fit of c ∞ with a simple quadratic polynomial in 1/L. There is perfect agreement with the prediction
The numerical solution of the SBA equations and the resummation in the stable region g 2 10 are in perfect agreement.
Of course, the appearance of the integer N L in the asymptotic form of ∆ at large λ is not surprising. Indeed, this is a general feature of the SBA equations as discussed in [21] . If the Bethe momenta vanish like λ −1/4 at large λ, then the asymptotic form of ∆ is 20) where n is a sum of mode numbers. This is the celebrated string prediction of [2] where n is the level of a massive string state. The calculation that we have described identifies the precise value of n ≡ N L for the state dual to the highest operator in the su(1|1) sector.
The gauge Bethe Ansatz equations for the AF state in the su(2) sector
It is straightforward to extend the analysis to the highest state in the su(2) sector. The gauge Bethe Ansatz equations read
Now, we consider L ∈ 2 N.
At g = 0 the above equations reduce to those of the Heisenberg model. The Bethe momenta p k are non-trivial and can be determined numerically at each L as follows. At g = 0 we have
The variables u k can be determined by solving (e.g. iteratively)
where the Bethe quantum numbers {J k } for the AF state are
Here, it is not useful to compute the weak coupling expansion of ∆. Indeed, due to the appearance of the non-trivial one-loop Bethe roots, all the coefficients of the expansion depend on L.
On the other hand, we can integrate numerically the equations. The result is not surprising and could be expected on the basis of the Hubbard model solution at finite L discussed in [14] . At large λ, all Bethe momenta flow to constant values p k → p k given by
Hence, the asymptotic form of the anomalous dimension is
In particular, taking L → ∞ we find
The factor 2L in the scaled anomalous dimension is the correct one, i.e. the length of the associated lattice model. Indeed, in the su(2) sector, the spin zero cyclic state associated with the AF state with L Bethe momenta has 2L spins, L with spin up and L with spin down. We remark that the above leading term is obtained both from the GBA equations and from the Hubbard model. It is quite interesting to see what happens at the level of string Bethe Ansatz equations.
The string Bethe Ansatz equations for the AF state in the su(2) sector
The string Bethe Ansatz equations in the su(2) sector are modified by the same universal dressing factor we introduced in the su(1|1) sector. Thus, they read
where the scattering phase ϑ(p k , p j ) has been defined in Eq. (3.3). We solve numerically these equations and the outcome is that all Bethe momenta vanish like p k → α k λ −1/4 precisely as in the su(1|1) case. Again we can work out an exact equation for the asymptotic coefficients {α k }. Taking the limit of the SBA equation we find the following modified form of Eq. (3.11)
where in the l.h.s. the sum includes the case j = k. The actual comparison with the solution of the SBA equations is shown in Fig. (16) . To find the asymptotic expression of the anomalous dimension we can follow the same strategy as we did in the su(1|1) sector. The extra factors in Eq. (5.2) also cancel when all the equations are multiplied together. Hence, we find again the fundamental relation Hence, the following simple formula holds
leading to the prediction
This is an exact result holding at any finite L. For instance, it can be checked that it is valid for the L = 8 solution up to the quoted accuracy.
Again, the integer N L appears in the asymptotic expression for ∆ at large λ in the form 9) identifying N L with the level of the massive string state dual to the AF operator.
Discussion
Quantitative tests of AdS/CFT require a perturbative window allowing reliable calculations on both sides of the correspondence. Such a window does not exist for generic sectors of the spectrum, but is available for semiclassical string states with large quantum numbers. In these BMN-like limits, a perturbative check of AdS/CFT at weak effective 't Hooft coupling can be attempted, but is known to fail at three loops. This discrepancy can be seen as a limitation to our capability of capturing the strong quantum dynamics of string theory beyond the BMN limit, i.e. the small λ regime for states with fixed finite classical dimension L. On one hand, the GBA equations are effective in computing all-loop perturbative gauge theory properties, like anomalous dimensions. However, the implicit order of limits (L → ∞ after λ → 0) spoils the agreement with string calculations beyond two loops. On the other hand, the SBA equations are valid at large λ, but already the leading quantum corrections are known to receive important and non-trivial corrections at small λ [22, 23, 24, 25] , not yet under full control despite recent progresses [33, 34] .
At large λ, the picture is quite different. In principle, the GBA equations should not be trusted because the wrapping terms cannot be neglected. Instead, the SBA equations are expected to match string calculations, including leading quantum corrections. Hence, we can make predictions on the string side, but we cannot test the AdS/CFT correspondence. Actually, this general statement is very conservative. Specific cases must be treated with care and a matching between the solutions of the two sets of equations is possible. Indeed, the structural difference between GBA and SBA equations lies only in the dressing scattering phase Eq. (3.3) and the relevance of this extra term should be considered case by case.
Important examples of such exceptions can be found in various BMN-like limits. For instance, the exact all loop expression of plane wave string levels reads in the strict BMN limit
and scales like (λ ′ ) 1/2 at large λ ′ . This result is valid both in the framework of GBA [11] and SBA [21] equations. In this case, the matching of the two predictions is due to the fact that the impurities are fixed in number and their diluteness prevents scattering effects in the thermodynamical limit. A related example is the Hofman-Maldacena limit which also displays asymptotic (λ ′ ) 1/2 scaling laws closely related to the BMN case [43, 44, 46, 45, 47] . Again, in the Hofman-Maldacena limit, the dressing factor in the SBA equations has been shown to decouple, making the prediction from the GBA exact, at least in the thermodynamical limit [48] . These examples should be regarded as exceptions, precisely because the irrelevance of the dressing phase is not expected to be generic feature. A more involved example where an explicit strong coupling discrepancy appears is the folded string (FS) solution [27] in the su(2) sector. The energy of this solution is a function ∆ FS (λ, J). In the AdS/CFT correspondence, it must be matched with the anomalous dimension of an operator with L = 2J constituent scalar fields. The scaling operator is well known, at least in the L → ∞ limit and is the double contour solution of the GBA equations described in [37] . It has been studied in some details also in the Hubbard model formulation [14] . Setting, as usual
where the function f (λ ′ ) is explicitely known. The leading term is obtained by expanding at large λ ′ :
One can ask whether it is possible to reproduce Eq. (6.3) with the GBA equations. The anomalous dimension ∆ gauge FS of the double contour solution is known at strong coupling and finite J in the Hubbard model GBA equations [14] . It reads
With the usual remarks about the order of limits, we see that the GBA/SBA equations predict an asymptotic behaviour ∼ (λ ′ ) ν with ν = 1/2 and 1/4 respectively. Here the number of impurities in the folded string solution gets large as J → ∞ and their finite density makes the role of the dressing scattering phase non-trivial. Following these remarks, it seems interesting to look at other explicit non-trivial examples where the GBA and SBA equations can be compared in the strong-coupling region. From a slightly different perspective, one is considering a special class of states and wonders about the role of the SBA scattering phase. Following this line of reasoning, this work analyzes the highest state in the su(1|1) and su(2) sectors of N = 4 SYM. We have been able to solve all ambiguities appearing in the strong coupling expansion of the Bethe Ansatz equations. Our results have been cross-checked with a resummation technique which is able to connect smoothly the weak-and strong-coupling regions. Our main results have already been summarized in Eqs. (1.5) and are repeated below for the reader's advantage.
The main outcome of our analysis is the following. For any fixed L, the highest states in the su(2) or su(1|1) sectors have a large λ anomalous dimension scaling like ∆ ∼ λ ν where ν = 1/2 in the GBA equations and ν = 1/4 in the SBA equations. At large λ (and L) the SBA equations can be trusted without subtleties. Hence, the λ 1/2 scaling predicted by the GBA equations is not a true feature of the highest states. Their anomalous dimension immediately scales like λ 1/4 and uniformly in L as soon as they are treated by the string Bethe Ansatz equations.
We remark that our result is somewhat novel. Indeed, in the su(2) sector, it is common lore to believe in the √ λ scaling of the AF operator, after its identification with the dual of the slow-string limit solution in [38] . From our analysis, we see that it is certainly possible to force the SBA equations to exhibit λ 1/2 scaling. However, this must be done by assuming a large λ behavior of the Bethe momenta that is ruled out by the explicit solution of the equations, at least for the highest states.
Notice also that it is possible to quantize the superstring equations of motion after truncation to the su(1|1) sector [49, 50] . The spectrum contains long string solutions with non-vanishing winding w = k p k with λ 1/2 scaling. On the contrary, short strings with vanishing winding exhibit the usual λ 1/4 scaling. The observed symmetry p → −p of Bethe momenta favors the w = 0 option.
In conclusion, apart from the above mentioned special cases, it seems definitely dangerous to rely on the GBA equations to estimate the strong coupling limit of general states, as our analysis of the highest states has shown. Instead, the full solution of the SBA equations, even at the discussed semi-analytical level, appears to be an effective predictive tool. For instance, our result 2
gives a simple formula for the level of the string state dual to the highest state in the two compact sectors.
A. The Weniger resummation algorithm
Given the power series
we can evaluate the partial sums
From the partial sums, we form the Weniger approximants
where (a) m = Γ(a + m)/Γ(a) is the Pochhammer symbol. If g 2 is beyond the convergence radius, the partial sums do not converge and oscillate wildly. For better stability we have performed all calculations in exact arithmetics. If the Weniger algorithms succeeds in resumming the series, then the Weniger approximants converge. -29 - -31 - -33 - -34 - 
